Schwarzschild-De Sitter black holes in 4 + 1 dimensional bulk 
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CN ■ Abstract 

We construct a static solution for 4 + 1 dimensional bulk such that the 3 + 1 dimensional world has a linear 
warp factor and describes the Schwarzschild-dS4 black hole. For m = this four dimensional universe and 
Friedmann-Robertson-Walker universe are related with an explicit coordinate transformation. We emphasize 
■ that for linear warp factors the effect of bulk on the brane world shows up as the dS4 background which is 

favored by the big bang cosmology, 
(f) , Keywords: Schwarzschild-dS4 black hole; Randall-Sundrum models; Brane world; Hubble length. 

In the universe, there exists four fundamental interactions; weak, strong, electromagnetic and gravitational, 
j — However, all the interactions in nature are not unified. Gravity shows some different aspects because of its 

long range and unquantizable behavior and its importance in cosmology. To get a natural explanation for the 
unification problem, the possibility that gravity might not be fundamentaly four dimensional has been considered 
PQ-[I). Basically these scenarios say that our universe may be a brane embedded in some higher dimensional 
space. All matter and gauge interactions live on the brane while gravitational interactions are effective in the 
whole higher dimensional space. Besides cosmology, black holes explore the geometry of gravity and its quantum 
effects. Therefore gravity and black holes can be related with the brane-world cosmology. In many of the brane- 
world scenarios, the matter fields we observe are trapped on the brane and when they undergo gravitational 
collapse a black hole forms [5]-[T6]. This black hole becomes a higher dimensional object. This higher dimensional 
object can recover the usual physical properties of black holes and stars. 

Most of the brane world scenarios originated from Randall-Sundrum (R-S) models in which the four dimen- 
sional Minkowski universe is embedded in five dimensional AdS bulk. This bulk is compatible with a Friedmann- 
Robertson-Walker (FRW) brane. The most general vacuum bulk with a FRW brane is Schwarzschild-anti-de 
Sitter space-time |17).|19j where a domain wall moving in the 5 dimensional Schwarzschild-AdS space -time with 
the metric 

ds 2 = g^dx^dx" (1) 
rir 2 

= -f(r)dt 2 + — +r 2 [d X 2 + .h(x)dn 2 ] 

is considered. Here the part in the square parenthesis is the metric of a unit three-dimensional sphere, plane or 
hyperboloid for k = 1,0, —1 and fi (%) = sinx, /o (x) = X, and /_i (x) = sinhx respectively. The solution of 
field equations — A 5 t^j„ with negative cosmological constant A 5 = — ^ is given by 

/(»•) = *+£-£. 

where I and /i are constants. For fi = 0, this reduces to AdSs and ^ ^ generates the electric part of the Weyl 
Tensor. By this consideration the location of three branes in the five dimensional bulk can be investigated. 

Instead of these theories we have considered a four dimensional curved space-time with positive cosmological 
constant embedded in five dimensional flat and empty Minkowski Universe as shown in [20] . Starting from 
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this point of view, in this paper, we consider a usual four dimensional Schwarzschild metric embedded in five 
dimensional Ricci flat universe. Our metric describes a black hole on a domain wall at fixed w. As such a space 
we take the five dimensional analogue of Schwarzschild-de Sitter space-time in the following form. 



where we choose 



ds = dw 



i _ H 

Wo 



2 r 



-U{r)dt 2 



1 



U(r) 



dr 2 + r 2 dnj 



2M r 2 
U(r) = l 



(2) 



(3) 



such that for M = the bulk is flat and for M ^ the bulk is Ricci flat. This metric tells us that for constant 
w the cosmological constant is hobserved = Z/wq. It is precisely the condition that the parameter wq in U (r) Eq. 
Q and in the warp factor in Eq. ([2]) are the same which causes the 4+1 dimensional bulk to be Ricci flat. We 
set up the 3 + 1 branes at w — and w — w\ < wq. Then, on the branes this metric will be in the standard form 
of the Schwarzschild metric. Here note that in small scales the cosmological curvature is much smaller than the 
Schwarzschild curvature. If we denote the perturbed horizon as r = 2M + e for small e, the black hole horizon 
is determined to be at r — 2M + 8M 3 /wq where wo 3> M. On the other hand from the square of the Riemann 
tensor one finds curvature singularities at r — and w = ±wq. However one expects that masses confined to 
the brane will generate the localized gravitational fields, so that these singularities are not physically important. 
Strictly speaking the warp factor is given by 1 — \ w\ /wq, for —w\ < w < w±, and imposing periodicity of period 
2wi together with symmetry w — * —w. 

For M = the four dimensional part in square parenthesis in Eq. ^ transforms into 



dsi 



-dr 2 + g(rf (d X 2 + f k ( X f dil 2 ) 



(4) 



by the following transformations. Here r and g (r) correspond to cosmic time and scale factors of FRW universe 
respectively. 



k = -1 



r = wq sinh (r) sinh (x) 

wq j / cosh (x) sinh (r) + cosh (r) 
2 \cosh (x) sinh (r) — cosh (r) 
g (t) = wq sinh (r) 
f-i (X) = sinh(x) • 



r = xexp (t/w ) 

t = r-^[x 2 exp(2r/wo)-l] 

g(r) = cxp (t/w ) 

fo (x) = X- 



r = wq cosh (t) sin (x) 

^ w ° Y ( C0S ^ ^ COS ^ S ^ n ^ 

2 \ cosh (r) cos (x) — sinh (t) 

g (t) = w cosh (t) 
/i (x) = sin (x) ■ 
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For the case of M ^ 0, we can make the same transformation, however it will not make our work easier. If 
we put M = in this transformation we obtain the same metric as in Eq. (j4|). This means that, our space-time 
becomes FRW universe far away from the black hole. Hence we can use the context of FRW cosmological model. 
In this part we suppose that the visible world is located at w = w\. Therefore the visible metric tensor will be 
g^iJ^ = 9uv {x^ , w — w\ ) and for the hidden brane g^v^ = g^ v (x^ , w = 0). The setup is similar to the scenario 
of [2]. At first, in order to get a realistic theory we need to look for the localization of gravity on the brane. 
To do this, taking (1 — |io| /wq) g^ v + h^ v (x, w) , we study the fluctuations of the metric. Here /i M „ (x, w) is the 
perturbed metric and its transverse traceless components represents the graviton on the brane i.e. the conditions 
d/ih^ = and = must be satisfied [I],[2],[2I]-[25]. By separation of variables we write in terms of the 
four-dimensional mass eigenstates h^ u (x,w) = cf)^ (t,x l ) tp (m,w), where m corresponds to four-dimensional 
mass. Performing a coordinate transformation from w to the variable z defined by dz/dw = ± (1 — \w\ /wq) 1 
and defining u (z) by if) = (1 — /wq) 3 ^ 2 u (z) we get the wave function as the solution of 

(-d 2 + V 0)) u (z) = m 2 u (z) , (5) 

where the potential V (z) is 



3^2 

4 f 2 + 2 / 

Here we denote the derivative with respect to z by prime and / is the z dependent warp factor as addressed 
below. Since our brane is located at w — w\ 1 we can write the warp factor as / (w) — 1 — ^ + ^jjjjj) then z 
dependence of the warp factor will be 

x -1 



f(z)=[l-^) exp(-HM>), (7) 



the transformed coordinate z is given by 



/ i_ mx \ 
sign {wi - w) In ( ) » (8) 



Wq 



where our brane is placed at z = 0. Then we find the potential as 

9 _3 

Awl w o 



V(z) = T ^-—6{z). (9) 



Here the S function in the potential allows a normalizable bound state mode and this shows that the 5D graviton 
is localized on the brane. In general for a potential V(z) which allows bound states, Eq. ([5]) has m = 
normalizable solutions iff V (z) > 0, as z — > oo. In this case localization of gravity on the brane occurs. Here 
m = mode corresponds to the gravitons on the brane. 

The next point is to solve the Schrodinger Equation ([5]). First of all, for the zero mode wave function, 

1/2 

we find that uq (z) = (3/2wo) exp (— 3wo \z\ /2). On the other hand, the massive modes are u m (z) = 

Aexp {^—^J^i — m 2 \ z \j , where A is the normalization factor. As explained in [24], the massive modes for 

< to 2 < 9/4wq do not exist there and for m 2 > 9/4wq this wave function becomes plane wave. Then there is 
a mass gap 9/4wq between the zero mode and the continuous modes. 
At this stage, we look for the five dimensional Einstein tensor, 

GIin = -35*^6^- [S (w) -Siw-w,)}, (10) 

(w - \w\) 

where rj^ = diag (—1, 1, 1, 1), Capital Latin letters M, N = 0, 1, 2, 3, 5 denote full space-time and lower Greek 
a, v = 0,1,2,3 run over the brane world. From Eq. (|10[) . it is easily seen that there are no nongravitational 
fields (Tmn = 0) and no cosmological constant in the bulk. For the solution on the brane, we introduce the 
boundary terms as 

-24Mf . TA 24M| 
V vis = t r~T\ and V hld = 5 -. 11 

-o (l ~ 
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These results are similar but not the same as RS model in which V V i S and Vhid are same with opposite sign. We 
can derive the induced brane gravity 8 , which consists of four dimensional Einstein gravity on the brane. From 
the dimcnsionful constants ks : and K4 the Planck masses M5, M4 are defined as 

4 = 8ttG {5) = M 5 ~ 3 , k\ = 87tG (4) = Ml 2 . (12) 

The induced Einstein tensor on the brane is 

f ,4 AT^4 6Mf f , 4 f Wl dw ^ 

^ J * J J-wi w \ w , 



then for the hidden brane world 



and for the visible world 



GUhU)=-^u and Mf = %i (14) 



w 2( 1 _m_) 12 V «W 



where M4 and M 5 have dimensions (length) -1 [5] and Wq corresponds to the 1/fc term in [2], The Einstein tensor 
on the brane is found as exactly what we want to get. From the four dimensional part in the square parenthesis 
in Eq. © we determine the same result for the Einstein tensor or matter content. This is the usual well known 
Schwarzschild space-time on the visible and hidden world. Therefore we get that the cosmological constant of 
the hidden world is huhid) — 3/ w o- On the other hand for the visible brane we get the positive cosmological 
constant A-i( V i s ) = 3 (wq — wi)~ 2 and the five dimensional cosmological constant A5 is zero everywhere. This may 
be interpreted as the four dimensional cosmological constant originating from the localized energy momentum 
tensor on the hidden brane affecting the visible brane through the bulk. In Eq. (fTTj) the minus sign on the 
visible brane tension comes from the attractive gravitational force. This minus sign causes us to measure 
positive cosmological constant on the visible world. 

To find the mass parameter on the 3-brane we find the effective action as in [2]. Then we get 

^) mo. (16) 
Wq J 

Here if the part in parenthesis is of order 10 -15 , near the curvature singularity w\ ~ wq where the visible world 
is located, we get the TeV mass scale from the Planck mass scale, 10 16 TeV. 
These results have some importance in some sense: 

• V ms = -10 15 VW 

• The observed cosmological constant (10~ 52 m -2 ) comes from the effect of the hidden brane on our world. 
Really what we observe as a cosmological constant 10 -52 m~ 2 is the A^/^)- From this consideration we 
find w from the equation 

1(T 5 V- 2 = 4r, (17) 
Wq 

then w\ ~ w — 10 26 77i is approximately just the Hubble length. Therefore we are located at the distance 
of nearly Hubble length from the hidden brane. On the other hand, the cosmological constant of the visible 
world which we cannot observe is 10~ 22 to~ 2 . The factor 10 30 in the two cosmological constants comes from 
the location of our world. We are much closer to singularity wq than the hidden brane. Really there is 
no cosmological constant more than one. To prevent this complication, we do not use the name A(„j s ) 
anymore, we call it Goo (if). We can summarize these results, by the relation 

M \ ... -.2, , 2 



A(^)=A = GooH(l-^) =1(T 52 to- 2 , (18) 
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which is satisfied for all w. Placing our brane at w = w\ causes Gqo(wi) to be 10 _22 to~ 2 . If wc had placed 
our branc at any other w, Goo on the brane would change as indicated in this equation but A would not 
change. Goo(wo) becomes infinite on the singularity at w = w . However < w < w\ < w and the point 
w = w is outside the branes and the bulk. 

One of the main motivations for this work has been the argument that, since there is nothing except gravity 
in the fifth dimension, there should also be no cosmological constant in the fifth dimension. Gravity originates 
from the hidden brane and then it is localized and interacts with the matter on the brane we live. We cannot 
see the hidden brane. However we can measure its effect as a cosmological constant A. Additionally the distance 
from the hidden brane determines the localized mass density of the universe. Namely Goo(wi), the mass density 
in the visible brane depends on A and varies with the location of the universe in the bulk. This causes the 
energy density to be obtained as p ~ 10 3 /c<?/to 3 . This value is too large to be interpreted as an average energy 
density for our universe. However, interestingly enough this value is comparable to stellar energy densities. This 
indicates that a model where the cosmological constant is localized and creates localized masses may be viable. 

At the end, the correction to Newton's Law is obtained as 

tt t \ r< m i m 2 A/f - 3 [°° , m 1 m 2 e- mr 2 nn x 

U(r) = -G N M J / dm (u m (0)) (19) 

r J mo r 

= -G N ^(l + C e —), 



where as we have explained above too = 3/2 w and A 2 = 



In 1 



W 1 
WO 



and then the constant C — 



167rwo — In ^1 — — 10 n m. This value of C is severely in violation of experimental measure- 

ments. 

In conclusion, in this paper, we have presented a new brane world black hole solution such that the 
Schwarzschild-dS4 space-time is embedded into 4 + 1 dimensional bulk with the linear warp factor (1 — \w\/wq). 
Here the visible brane is located at w = w\ < wq. We have presented the coordinate transformation between 
the Schwarzschild-dS4 and FRW space-time for M = 0. The same transformation can also be used for M/0. 
Although such a transformation will result in a complicated metric, for M — this metric will reduce to FRW. 
For M ^ 0, we found that in the bulk not only the energy momentum tensor but also the cosmological constant 
is zero. However the effect of the hidden brane to our world is just the cosmological constant which we now 
measure. The localized energy momentum tensor in the bulk also serves to cause a four dimensional cosmological 
constant on the brane. It was found that this cosmological constant depends on the distance scale wo- Finally 
we have derived the range of fifth dimension from the hierarchy between the weak and Planck scales. This model 
is in violation of observed values concerning corrections to the Newtonian corrections and the matter-average 
energy density of the universe. 
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